The Estrada topological index EE, based on the eigenvalues of the adjacency matrix, is degenerate for cospectral graphs. By additionally considering the eigenvectors, two new topological indices are devised, which have reduced degeneracy for alkanes or cyclic graphs. Index RV a shows similarity to EE in ordering of alkanes with 8-10 carbon atoms, whereas index RV b is more similar to the average distance-based connectivity (Balaban index J). Inter-correlations between these four topological indices are discussed, indicating which factors have predominant influence.
Introduction
Topological indices (TIs) are digital counterparts of chemical structures and therefore represent these discrete molecular constitutional formulas by numerical functions. Some of their main uses are for quantitative structure-property or structure-activity relationships, QSPR and QSAR, respectively [1] [2] [3] . Chemical graphs (representing atoms in molecules by vertices and covalent bonds by edges) are connected nondirected graphs which are graph-theoretically planar. Loops and multiple bonds can exceptionally be present if thus is specified.
Constitutional isomers of alkanes correspond to trees, and for hydrogen-depleted hydrocarbons, their vertex degrees are at most 4. The number of graph vertices is called the order of the graph, but since this article will be discussing the ordering of graphs induced by TIs, "order" will be seldom used in this numerical sense. When non-isomorphic graphs correspond to identical TIs, these are said to be degenerate.
Degeneracy of TIs is a serious drawback. For most chemical graphs, stereoisomerism is ignored, as will be done in this article, therefore only constitutional (structural) isomers will be taken into account.
The earliest TIs such as Wiener index [4] , the Zagreb indices [5] , or the Hosoya index [6] , which are integers, have a high degeneracy. By contrast, TIs that are noninteger numbers, such as molecular connectivity (Randić [7] ), higher-order molecular connectivity 9] ), or information-theoretic indices (Bonchev [10] , Trinajstić [11] ) have lower degeneracy. Another feature, concerning the nature of the graph-theoretic invariants that are at the basis of TIs, further reduces the degeneracy. On replacing local vertex invariants (LOVIs) based on the adjacency matrix (vertex degrees, i.e. sums over rows or columns) by distasums (i.e. sums over rows or columns in the distance matrix), one can obtain the average distance-based connectivity index J (Balaban index [12] ):
where E is the edge set of the graph, m |E| is the number of edges, n is the number of vertices, and d(i) is the sum of the distances from vertex i to the remaining vertices of the graph (distasum). Furthermore, combining a triplet of LOVIs and operations, one can explore which combination reflects better the problem at hand [13, 14] . One can devise a classification of TIs with decreasing degeneracy as 1st generation (integer TIs based on integer LOCIs), 2nd generation (real-number TIs based on integer LOVIs) and 3rd generation (real-number TIs based in real-number LOVIs) [2] . In general, a topological index can be expressed as a function f (x 1 , . . . , x n ) where x 1 , . . . , x n are LOVIs. In this article, we discuss three cases in which the LOVIs are centrality measures and the function f is the arithmetic mean, the quadratic mean or the weighted arithmetic mean.
Topological indices obtained from centralities based on eigenvalues and eigenvectors
In network analysis, it is important how a vertex is embedded in a relational network. Vertices that are in favorable structural positions often have more opportunities and fewer constraints than others. In this sense, an interesting kind of local characterization of networks is made numerically by using measures known as "centrality" [15] . There are several centrality measures that have been introduced and studied for real world networks, in particular for social networks. They account for the different vertex characteristics that allow them to be ranked in order of importance in the network. There are various methods for defining and measuring centrality. For instance,
• the degree centrality assigns more weight to vertices of high degree;
• the closeness centrality is based on distasums and was the basis of several topological indices [16, 17] ; • the betweenness centrality depends on the number of shortest paths between pairs of vertices, passing through various vertices;
• the eigenvector centrality, which will be discussed in more detail below;
• The subgraph centrality, which will be also discussed in more detail below.
The eigenvector centrality, introduced in 1972 by Bonacich [18] , assigns relative scores to all vertices in the network based on the principle that connections to highscoring vertices contribute more to the score of the vertex in question than equal connections to low-scoring vertices. In order to introduce the eigenvector centrality we need some notation. Let G (V , E) be a connected graph, consisting of vertices V and edges E. Let A be the adjacency matrix of the graph; A i j 1 if vertices i and j are connected by an edge and A i j 0 if they are not. The following equation describes the eigenvector centrality x i of a vertex i.
where λ is the largest eigenvalue of A and X (x 1 , . . . , x n ) t is the positive eigenvector of A corresponding to the eigenvalue λ. The centrality of a vertex is proportional to the sum of the centralities of the vertices to which it is connected. Consequently, a vertex has high value of eigenvector centrality either if it is connected to many other vertices or if it is connected to others that themselves have high centrality.
Another well-known centrality measure is the subgraph centrality which was introduced in 2005 by Estrada and Rodríguez-Velázquez [19] . The subgraph centrality characterizes the vertices in a network according to the number of closed walks starting and ending at the node. Closed walks are appropriately weighted such that their influence on the centrality decreases as the order of the walk increases. A walk of length r is a sequence of (not necessarily different) vertices v 1 , v 2 , . . . , v r +1 such that for each i 1, . . . , r there is a link from v i to v j . A closed walk is a walk in which v r +1 v 1 . We denote the number of closed walks of length k starting and ending on vertex v i by k (v i ). The subgraph centrality is defined as
As shown in [19] , the subgraph centrality can be computed from the eigenvalues and eigenvectors of the adjacency matrix. Let U 1 , . . . , U n be an orthonormal basis of the Euclidean space R n composed by eigenvectors of A associated to the eigenvalues λ 1 , . . . , λ n , respectively. Let u i j denote the i-th component of U j . The subgraph centrality may be expressed as follows:
The arithmetic mean of the subgraph centralities was proposed in [19] as a global structural measure of the network:
Since U 1 , . . . , U n is an orthonormal basis of R n , we have that 
In fact, the EE index is proportional to the Estrada index, which is defined by
The Estrada index was introduced in 2002 by Ernesto Estrada [20] as a measure of the degree of folding of a protein.
The Estrada index has the advantage that it can be calculated easily. Despite the fact that it can be obtained from the subgraph centralities, it only uses the information contained in the eigenvalues (it does not use the information contained in the eigenvectors) and, as a result, it does not discriminate between cospectral graphs, and there are several chemical compounds whose corresponding graphs are cospectral. For instance, in the Tables 2 and 3 it will be shown that 5 pairs of nonanes and two pairs of decanes are degenerate, where two compounds share the same value of the topological index.
Note that the graphs associated to all these chemical compounds are trees and, as stated in [21] , for n sufficiently large, almost every tree of n vertices has a cospectral mate. Hence, it would be desirable to provide some topological index from the eigenvalues and eigenvector which would be able to distinguish between cospectral graphs. In this article we introduce two topological indices that might satisfy this requirement.
Our first new topological index (RV a ) uses all the information contained in the subgraph centralities of the vertices; our formula uses both the eigenvalues and the eigenvectors. It is defined as the square mean of the subgraph centralities of the vertices of the graph. 
By definition, each vertex contributes to RV a according to its participation in all the closed walks of all lengths, where the participation in short closed walks contributes more than the participation in the large ones. For the studied cases, this topological index has shown no degeneracy.
Our second new topological index (RV b ) takes advantage of both the subgraph centrality and the eigenvector centrality. It is defined as the weighted arithmetic mean of the subgraph centralities where the weights are the eigenvector centralities of the vertices of the graph, which are appropriately normalized to satisfy n i 1
The contribution of the subgraph centrality of the vertices to RV b is pondered on the principle that connections to high-scoring vertices contribute more to the score of the vertex in question than equal connections to low-scoring vertices. In particular, if a graph is regular, then all the eigenvector centralities are equal and, in such a case, RV b becomes the Estrada index.
For the studied cases, this topological index has shown no degeneracy.
Constitutional isomers of alkanes up to decanes
For obtaining adjacency matrices of all possible alkane isomers, the computer program MOLGEN was developed by Kerber and his coworkers [22, 23] and it was used in the present article. Another program, also freely available, is Todeschini's DRAGON' [24] . One can expect practically all possible constitutional isomers of alkanes to be present in natural oil and gas deposits. Octane numbers constitute an experimentally accessible parameter, and they have been correlated with structures via other topological indices [25, 26] . Table 1 presents all constitutional isomers of alkanes with 8 carbon atoms (octanes), together with the known Research Octane Numbers (RON). Tables 2 and 3 present all constitutional isomers of alkanes with 9 and 10 carbon atoms (nonanes and decanes). Four topological indices are also included: Estrada index (EE), Balaban index (J), and the two new TIs, RV a and RV b . Degenerate EE values for nonane and decane isomers are indicated in boldface characters.
Unlike most of the TIs of the 1st and 2nd generations, the four TIs examined in this article do not increase markedly with the size of the graph. Indeed, index J for an infinitely long n-alkane has the asymptotic value of the numberπ . For the same number n of vertices representing carbon atoms, Figs. 1, 2 and 3 show that in resulting clusters, the determining factors are number of vertices of highest degree, followed by the distance between them, and by the position of the high-degree vertices in the longest linear chain.
The tables for alkanes are organized as follows: Numerical values are limited to 7 significant digits. For each series of isomeric alkanes C n H 2n+2 , the corresponding alkane has a number starting with 1 in the column following the name, in the ordering dictated by index J as seen in the next column. Then for indices EE, RV a and RV b the corresponding values are given, preceded by the ordering it would have if that index would dictated the order. For instance, 2,6-dimethtylheptane has rank 4 according to J and RV b indices, but rank 7 according to EE and RV a indices.
The six pairwise inter-correlations between the four topological indices for alkanes with 8, 9, and 10 carbon atoms indicate an almost perfect agreement between EE and RV a indices, and a fairly good agreement between J and RV b The former pair has no overlapping values but a definite partition into non-overlapping clusters. Other inter-correlations also show clusters, but they have partial overlapping of values for one variable. From previous discussions in the literature, the parameters that govern the alkane ordering are: Interestingly, whereas the first and last alkane in each series agree for parameters (a) and (b), in between there are large variations among preferences for various parameters.
From Figs. 1, 2 and 3 one can see that all four indices are well inter-correlated, and that EE and RV a have the lowest overlap between clusters. One can predict the ordering for higher graph orders of trees. 
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RVb-index Footnote 1 continued conditions are not specified, therefore will always say or write "normal boiling point" indicating that it is the temperature at which the vapor pressure is equal to the normal pressure (760 Torr). 
RVb-index Fig. 3 The six possible correlations between the four indices for constitutionals isomers of decanes
We found that none of the four indices examined in this article correlates with NBP, probably because neither graph-theoretical distances nor eigenvalues reflect intermolecular forces that govern phase transitions. Among experimentally measured properties of alkanes, we have chosen their behavior as energy source in internal combustion engines with spark ignition. With a scale from 0 for n-heptane and 100 for 2,2,4-trimethylpentane (iso-octane), one can compare the power and anti-knock properties of the alkane mixture (gasoline). In standard Otto-type engines the Research Octane Number (RON) is measured by maximum brake torquethe by comparison with binary mixtures of n-heptane and 2,2,4-trimethylpentane using the matching amount of iso-octane as the RON value. Structurally, the more branched alkanes have higher RON values than less branched ones. Improving RON values relies on catalytic cracking, partial aromatization and isomerization, and/or ethanol blending. From Fig. 4 one can see that satisfactory correlations exist between RON values and all four indices, and that EE leads to overlap-free clustering according to the presence of higher-degree vertices and then to the distance between them.
From the rich literature about how topological indices allow various orderings of alkanes, we mention only a few selected ones. Branching of threes can be influenced differently by various factors, as shown by Estrada, Rodríguez-Velázquez and Randić [27] . Randić [28] , Trinajstić and coworkers [29] , as well as Bonchev and coworkers [30] , published tables comparing the ordering induced by various 1st and 2nd generation TIs. Balaban and coworkers [31] showed that the ordering of alkanes induced by index J differs from that induced by other TIs; since it parallels the ordering induced by the highly degenerate W index, it may be considered to be a "sharpened Wiener index" [33] . Bertz [34] used line graphs as the basis for his axioms and theorems, finding that the resulting ordering a surprising agreement with that determined by index J.
It should also be mentioned that before the EE index was introduced, several authors had used eigenvalues of chemical graphs: Lovasz and Pelican [35] had published six theorems for trees; Polanski and Giurmn [36] had commented on calculating the largest eigenvalue for molecular graphs; and Randić [28] had introduced two topological indices, λ 1 and λλ 1 λ 1 .
Cyclic chemical graphs
All cyclic chemical graphs and vertex degrees from 1 to 4 with 5 and 6 vertices are presented in Figs. 5 and 6, respectively. It should be mentioned that the 6-vertex graphs 32 and 35 were missing in Ref. [32] . Owing to considerable steric strain, resulting from low bond angles and eclipsed conformations, most of the graphs with condensed cyclopropane and cyclobutane rings, representing the major part of Figs. 5 and 6, are too unstable to exist in the real molecular world. Therefore these graphs have little chance to correspond to measurable experimental data. The discussion will involve the ordering of these chemical graphs. On comparing the plots in Fig. 8 among them, a marked difference is observed between the first three plots and the other ones. Such a difference is not observed in Figs. 1, 2 and 3 related to acyclic graphs. This fact indicates that for acyclic graph the basic criteria for all four indices are similar, while for cyclic graphs there is a fundamental difference. We assume that apart from the topological distances, in the case of J index, the main selection criterion is the cyclomatic number, while for the other three indices the number of cycles and their size are also considered. In Figs. 5 and 6, as well as Tables 4 and 5, the ordering of cyclic graphs will be based on index EE.
It is important to underline that "cycle" has different connotations in chemistry and in graph theory. Conventionally, the IUPAC-approved chemical nomenclature is based on the cyclomatic number μ. By definition, μ is the minimum number of edges one have to delete to convert the cycle structure into an acyclic one (a tree). The cyclomatic number is related to the number n of vertices and m of edges: μ m − n + 1. In chemistry, the number of cycles is determined by μ: although it is evident that decalin has two 6-membered rings and one 10-membered ring, it is named bicycle[4.4.0]decane.
Note that none of the four indices obeys exclusively the ordering determined by μ. In particular, index EE obeys this ordering for all graphs except graphs 44, 47, 61, 63 and 68. Indices EE, RV a and RV b are clustered according to the actual number of closed walks: the smaller the walks, the greater its influence. 8 show that for chemical graphs of 5 and 6 vertices the correlation between EE, RV a and RV b is almost perfect (R 2 ≥ 0, 98), while the correlation between J and these three indices is lower (R 2 ≥ 0, 72). The rankings (in increasing order) determined by the different indices are shown in Tables 4 and 5. Note that none of these indices follow exclusively the order established by the cyclomatic number, while the number of small cycles (like triangles) and the degree sequence seems to 
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RVb-index Fig. 7 The six possible correlations between these four indices for the chemical graphs of 5 vertices be relevant in the order established by RV a and RV b . Although EE and RV a are very well correlated (R 2 0, 995), there are some differences in the rankings imposed by them. For instance, graphs 29 and 30 are consecutive according to EE, while according to RV a the order is inverted, as graph 29 (which has one triangle) is in position 14 and graph 30 (which does not have any triangle) is in position 10. Similar behavior is observed when we compare graphs 83 (which has 7 triangles) and 84 (which has 6 triangles). Although these two indices are obtained from the subgraph centralities of the vertices, these differences in the order imposed by them might be a consequence 
Conclusions
to avoid the degeneracy of topological indices based on eigenvalues of graphs (the Estrada index EE becomes degenerative starting with trees having 9 vertices), we introduced two new topological indices, denoted by RV a and RV b ., which are based on eigenvalues and eigenvectors. Alkanes with 8, 9 and 10 vertices, denoting carbon atoms, and (poly) cyclic chemical graphs with 5 and 6 vertices were discussed in terms of inter-correlations and ordering according for four topological indices: J, EE, RV a . and RV b . A satisfactory correlation was obtained between Research Octane Numbers and the above four topological índices for alkanes of 8 carbon atoms. This paper opens a challenge for mathematical chemists to search for the graph orders where degeneracy of the two new topological indices will first appear, as the number of graph vertices increases, for acyclic and for cyclic chemical graphs.
